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A laser's intensity can be stabilized by negative feedback from a conventional photodetector. I propose extraction
of sub-shot-noise light from the feedback loop at a beam splitter by illuminating the back side of the beam splitter
with squeezed-state light.
Squeezed-state light has been generated in several
laboratories.1 -4 Here I describe a technique that uses
squeezed light together with negative feedback from a
conventional photodetector to stabilize the intensity
of a laser. The technique allows extraction of light
that has sub-shot-noise photon statistics. Moreover,
even if the unstabilized laser is shot-noise limited, the
extracted light can have a better intensity signal-to-
noise ratio; this signal-to-noise improvement requires
both feedback and squeezing.
Machida and Yamamoto5 used negative feedback
from a conventional photodetector to stabilize a laser's
intensity and thus to obtain sub-shot-noise photon
statistics within the feedback loop. Out-of-loop light
extracted at a beam splitter, however, displayed su-
per-shot-noise statistics. This behavior can be under-
stood both quantum mechanically5-8 and semiclassi-
cally.7-9 Quantum mechanically the culprit is the vac-
uum field that enters the beam splitter's second input
port. Yamamoto et al. 6 proposed to extract sub-shot-
noise light by replacing the conventional photodetec-
tor with a Kerr-effect quantum nondemolition photon
counter1 0 (see also Refs. 7 and 8). Here I suggest
another alternative: Use feedback from a convention-
al photodetector, extract an out-of-loop beam at a
beam splitter, but replace the culprit vacuum field
with squeezed light generated by a nonlinear device-
a "squeezer"-that is pumped by a portion of the laser
light.
The technique is sketched in Fig. 1. Following Sha-
piro et al., 8 I model the feedback by a variable attenua-
tor (outside the laser), represented in Fig. 1 as a beam
splitter with transmissivity T(t). The laser light first
traverses this variable beam splitter, after which it
encounters a beam splitter with transmissivity 1 - I,
which removes a fraction t of the laser light to pump
the squeezer. The remaining laser light (labeled a,) is
then combined with the squeezed light (labeled a2) at
an extraction beam splitter, which has transmissivity
x. One of the resulting outputs (labeled b1) is directed
onto a photodetector, which has quantum efficiency 711
and produces a photocurrentI 1 (t). The feedback loop
is closed by choosing T(t) = To[1 - fI1 (t)], where To is
the fiducial transmissivity, r characterizes the
strength of the feedback, and 31(t) is the difference
between I1(t) and a fixed reference level. [Shapiro et
al.8 assume feedback proportional to 11(t) without
subtracting a reference level.] The second output (la-
beled b2) yields the extracted light.
A heuristic analysis illustrates how the technique
works when the feedback is perfect and 711 = 1. Sup-
pose that the a, light has a unity amplitude fluctuation
in vacuum units, and suppose that the in-phase quad-
rature of the squeezed light has a fluctuation j/R,
where R measures the squeezing relative to vacuum in
units of power. The photodetector sees an amplitude
fluctuation A = C X 1- 1-x X /R, which the
feedback cancels by changing the amplitude of the a,
light by -AA5X. This leaves the a, light with an am-
plitude fluctuation 1 - A/If = (1 - x) x~Tl- The
resulting amplitude fluctuation in the extracted light
is r(1 - X) X V(1i-%lx_)x + V x hvR = +72; thus the
extracted light has sub-shot-noise photon statistics if
R < x. As far as the extracted light is concerned,
feedback corrects the amplitude fluctuations arising
from the a, light, but it anticorrects the amplitude
fluctuations arising from the a2 light. Squeezing re-
duces the in-phase a2 fluctuations that feedback
makes worse.
A rigorous analysis can be patterned after the recent
work of Shapiro et al.8 I ignore the propagation time r
around the feedback loop and refer all fields to a com-
mon point within the loop. Thus the analysis is valid
only over a rf bandwidth ~r-i; more precisely, the
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Fig. 1. Technique for stabilizing laser intensity and ex-
tracting sub-shot-noise light at a beam splitter.
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feedback loop can have high gain only over a rf band-
width <<r-1 .
Let Q be the frequency of the laser. Since I am
interested primarily in sub-shot-noise behavior, I as-
sume that the laser light (labeled aL) has shot-noise-
limited amplitude fluctuations. The laser light has, in
addition, phase fluctuations in excess of shot noise
(e.g., phase-diffusion noise), but these excess phase
fluctuations can be ignored so long as the squeezed
light is referenced to the instantaneous phase of the
laser. This condition is satisfied if the bandwidth
over which the light is squeezed is much larger than
the bandwidth of the laser's excess phase noise.
With these assumptions, the laser light can be de-
scribed by a coherent state, and its positive-frequency
photon-units electric-field operator can be written as
E ) w= dwaL(w)e-iwt = PLe/2e-0t + bE (1)
Here aL(w) is a continuum annihilation operator, and
the integral runs over a suitable range of positive fre-
quencies. The quantity PL is the laser power in pho-
ton units, and 6EaL(+) is a vacuum field operator. (0
denotes the difference between an operator and its
mean value.) The Hermitian quadrature phases of
the laser light are defined by
EaL (Eal + iEaL,2)e (2)
In the quasi-monochromatic approximation, the field
operators for the laser light obey free-field commuta-
tion relations
[EaLl(t),EaL,2(t')1 = 1/2i[EaL( )(t),EaL()(t')] = 1/2 i6(t- t ).
(3)
In Fig. 1 each beam of light is labeled by the symbol
used for the corresponding continuum annihilation
operators. The field operators for a particular beam
are subscripted with the same symbol, and the quadra-
ture phases are distinguished by a further subscript 1
or 2.
The fields drawn with dashed lines in Fig. 1 are
vacuum inputs. The input vacuum fields bEaL(+),
Ed(+), and Eaj(+) obey the free-field commutation rela-
tions (3); their quadrature phases are uncorrelated
and have flat spectral densities equal to the vacuum
level of 1/2.
The light labeled ap, after appropriate processing
(frequency doubling for an optical parametric oscilla-
tor3), is used to pump the squeezer. I assume that the
squeezer operates in a regime where the pump light
can be treated classically; thus the fluctuations
bEap(+), which introduce feedback effects into the
squeezing, can be neglected. The squeezer takes in a
vacuum input through an isolator and produces
squeezed light labeled a2. With the assumption of a
classical pump, the field operators associated with the
squeezed light obey the free-field commutation rela-
tions (3). I assume that the squeezed light has no
mean field, and I assume further that the quadrature
phases Ea2,1 and Ea2,2 are uncorrelated and have spec-
tral densities Sa2,1(e) = %/2Ra2, (E) and Sa2 ,2(E) =
1/2Ra2,2(E) as functions of the rf frequency E. The spec-
tra Ra2,n measure the squeezing in units of the vacuum
level. Phases are adjusted so that, after the extraction
beam splitter, the quadrature Ea2,1 is in phase with the
mean laser field. Squeezing the in-phase quadrature
thus means Ra2,1(E) < 1.
The analysis can now be sketched. The light leav-
ing the variable beam splitter has EaM = TtEaL(+)
-/1 - T(t)Ed(+). Removal of the pump light leaves(+) = (1 -X -+) V- E(M). Assuming high laser
power and linearizing in the small fluctuations yields
-a,() = [(1 -)TOPL]1/2 eiQ + bEal(+), (4a)
bEal(+) = d(+) - 1/2[(1 - O)TOPL]1/ 225Il(t)e-iQt (4b)
(linearization sidesteps potential factoring-ordering
problems), where
E(+) (1 - t)112[T0112 Ea (+) - (1 -To) 112Ed(+)] _
(5)
is the vacuum field whose quadrature 61 the feedback
loop cancels. Notice that the feedback affects only
the in-phase quadrature Ea1,,. The extraction beam
splitter produces the further transformation
Eb (+) = X/2Eal(+) -(1 -X)/ 2 Ea2(+)) (6a)
Eb2(+) = (1- X)/ 2 Eal(+) + Xl/2 Ea2(+). (6b)
Focus attention now on the photocurrent 1(t).
Linearize again in the small fluctuations, and write
1l(t) in units of the electronic charge. Then the mean
(reference) photocurrent is (1,(t) ) = q1¶P1, where 1 -
x(1 - ()TOPL is the photon intensity incident upon the
photodetector. The deviation from the mean is
L I,(t) = 2(nl/1) 112 [71ll"2 bEbll + (1 - 171)1" 2Er 1p1 (7)
where E41(+) is a vacuum field operator that accounts
for fluctuations associated with subunity quantum ef-
ficiency. Using Eqs. (6a) and (4b), one can solve for
bI1(t)= F(2(711 P1 )!/21{71 1 2 [X11 /21 - 1 -X) 1 / 2Ea]
+ (1 - 271) 112E41,11), (8)
where F (1 + 711P 1,)1 characterizes the noise sup-
pression resulting from the feedback. The spectrum
of 11(t) is easily computed to be
S11(e) = F2 (2%1 P1 J1 + ni(1 - X)[Ra2 l(E) -1]}), (9)
a result that agrees with Shapiro et al.8 in the case of
no squeezing (Ra2,1 = 1). The factor in bold parenthe-
ses is the spectrum in the absence of feedback (F = 1);
as expected, feedback suppresses the in-loop photo-
current noise.
Turn now to the extracted light. Its mean field is
I ( +)) = 921I2e4it, where 2 -(1-X)(1 - 0)TO0PL iS
its photon intensity. Using Eqs. (6b), (4b), and (8),
one can show that the fluctuations in the quadrature
phases of the extracted light are
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bE, = F(1 - X)l/2 61 + 1 - F(1 - x) E.,,,
(1Oa)
bEb22 = (1- X)1/262 + Xl/ 2E02,2. (lOb)
Feedback affects only the in-phase quadrature Eb2,1.
One easily verifies that Eb 2 ,1 and Eb2 ,2 satisfy the free-
field commutation relations (3).
The quadrature phases of the extracted light are
uncorrelated and have spectral densities Sb2,1(E) =
1/2Rb2,1(e) and Sb2 ,2(e) = 1/2Rb 2 ,2(e). These spectra can
be evaluated as
Rb2,l(e) = F 2(1 -X) + [1 - F(l - X)]2 Ra2,1 (E)
x
+ (1 F)2 1 X 1 -71,
X 71
= 1 + (1 - F)2 1 - X
X771
+ [1 - F(1 - X)12 [Ra2,(e) - 1], (lla)
Rb2,2(E)= 1-x + XRa2,2(E). (llb)
In the first form of Rb2,1 each term has an obvious
source in Eq. (lOa). One readily checks that
Sb 2 ,1(E)Sb 2 ,2(6) _ 1/4, as required by the free-field com-
mutator. Notice that, for perfect feedback (F = 0),
Rb2,1 - Ra 2 i/x so that the extracted light is less
squeezed than the a2 light; if, in addition, 71 = 1, then
Rb2,l = Ra 2 ,1/X, in agreement with the heuristic argu-
ment given previously.
Suppose now that the extracted light is detected by
a photodetector with quantum efficiency 712. The re-
sulting photocurrent I2(t) has a mean value (I 2(t)) =
712P 2 and a spectrum
SI2(E) = 2 77272A2Rb2,l(e) + 1 - 7121. (12)
The factor 2772P2 is the shot-noise limit. In the case of
no squeezing (Ra2,1 = R02 , 2 = 1) Eqs. (11) and (12) agree
with the results of Shapiro et al. 8
Specialize henceforth to the case 711 = 72 71. For
perfect feedback (F = 0) the photocurrent spectrum
becomes
SI = 22 {I +7[Ra2,1(E) - 1I} Ra%(E)
(i3)
To beat the shot-noise limit at rf frequency e requires
that the factor in braces be less than unity, i.e., Ra2,1(E)
< 1 - (1 - x)X7-1; this condition can be satisfied only if
71 + X > L.
The extracted light also has sub-shot-noise statis-
tics without any feedback (F = 1) as long as there is
some squeezing: SI2 = 2772'2 [1 + 71x(Ra 2,1 - 1)] < 27 P 2 ifR02,1 < 1. Without feedback, however, one cannot
improve the laser's signal-to-noise ratio. Thus a bet-
ter figure of merit is provided by a dimensionless func-
tion of rf frequency E,
I2 S,2(E)/(I2)2 I S 2(1)
2Q 1'PL/7= 2PL2 (1 - X)(l - )T 27T (14)
The numerator of Q(e) is the photocurrent noise-to-
signal spectrum for the extracted light; the denomina-
tor would be the noise-to-signal spectrum if the same
detector were illuminated by the shot-noise-limited
laser. Reducing Q(E) below unity is more difficult
than beating the shot-noise limit: without feedback
(F = 1), Q(E) _ 1; for perfect feedback (F = 0), Q(E) < 1
requires R02,1(E) < 1 - [1 - x(l - x)(1 - )To]n-1', a
condition that can be satisfied only if q + xi -x)(1 -
t)To > 1.
Another way to describe the technique proposed
here is that it transforms low-power squeezed light
into high-power squeezed light. A similar technique
can be used to stabilize the phase of a laser.
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